An approach to model the Martian magnetization can be done using classical source models. Classical models, such as uniformly magnetized spheres and cylinders, allow for the introduction of additional constraints related to the available information of the magnetic field and its sources. The use of a suitable conservative numerical scheme in Cartesian coordinates was carried out for numerical studies. In this work the motion of different charged particles under the influence of different magnetized sources have been analyzed by using the proposed numerical scheme. For that purpose, electron, proton and alpha particles were used. In addition, the impact of the gravitational effect on the particles motion was also studied.
Introduction
The behavior of a charged particle within the Earth's global magnetic field has been widely studied [1] . The motion of a charged particle within the Earth's dipole field is a fundamental tool to understand magnetospheric and ra-Earth and Mars. There are, thus, different theories that explain the magnetic anomalies observed on Mars [15] . The most important theory explains the distribution of the magnetic anomalies as extensive east-west-trending linear features [16] . These anomalies form regions of different polarization, positive and negative, suggesting alternating bands of crustal remanent magnetization [17] [18] [19] . This behavior can be also observed on Earth in similar structures associated with the sea floor spreading but on a larger spatial scale [8] . Another theory associates the magnetic anomalies with the magnetic field generated by magnetized sources [17, 20] .
The aim of this study is to analyze the behavior of different charged particles under the action of different theoretical magnetic fields. For this purpose, new numerical schemes have been developed to reproduce the trajectories of charged particles under different magnetic and gravitational conditions. In order to explore the numerical solution of the system under study, it is necessary to impose a scheme to satisfy the underlying conservation loss of the continuous system. The conservation law is the responsible for the dynamics of the system and it is necessary to conserve it at a discrete level. For this study, we have assumed that the crustal magnetization of Mars can be modeled using different magnetized sources, since in geophysical exploration, the horizontal gradient of the field is often used to outline separate sources [20] . In this work a selection of some simple sources has been employed to verify the computational strategy suggested here. A comparison between the potential well for the Cartesian scheme with the critical energy value of 1/32 in renormalized units obtained by Störmer for the cylindrical scheme [21] has also been done.
In addition, the behavior of alpha particles has been studied due to their important role on Mars. The Radiation Assessment Detector (RAD) is an instrument carried by the Curiosity rover whose preliminary role was to characterize the broad spectrum of radiation environments found inside the spacecraft during the cruise phase. The main objectives of RAD are to characterize the energetic particle spectrum on the surface of Mars and thus determine the radiation dose received on the Martian surface (http://mslscicorner.jpl.nasa.gov/Instruments/RAD/).
Motivated by the work mentioned above, Störmer theory has been analyzed in Section 2. Relationship between the dimensionless potential in Cylindrical [22] and in Cartesian coordinates is thus obtained. Furthermore, a re-analysis of the methodology presented in [23] for different particles is shown in Section 3.1. The results have been used in Section 3.2 to generate a suitable numerical scheme in Cartesian coordinates. The main results and discussion of this scheme are provided in subsection 3.3.
Finally, a summary of the main conclusions is given in Section 4.
Analytical approach
In this section the expressions for the magnetic fields used in this study are provided. Using Störmer's theory, the threshold of the potential well for a proton has been calculated. To remove the constraints, a new expression for the potential has been developed in Cartesian Coordinates, and the results have been verified.
Störmer's theory revisited
It is assumed that the particles under consideration are non-relativistic. To simplify the interpretation for nonrelativistic equations, the integral of the energy in cylindrical coordinates (ρ, z, ) can be expressed aṡ
Due to axial symmetry B =0, so that conservation of angular momentum leads to a constant value of = C . In [21, 22] , the motion of a charge in a pure magnetic dipole field (Störmer model) is considered. Results and explanations for the dynamics of light particles, which are present in the radiation belts surrounding magnetized planets, are given by this model [1, 24] . The dimensionless energy used by Störmer [21] is given by the Hamiltonian as follows
where the potential field V can be written as:
The potential of an electron and a proton were calculated and plotted versus the ρ coordinate in Figure 1 . This figure allows identification of the trapped region, that region where the particle does not have enough energy to escape from the potential field, and the untrapped region, where the energy of the particle is enough to escape from the potential field. From Figure 1 it can be concluded that the boundary energy for an electron to become untrapped is 1/32 for a dimensionless system. To calculate the real value of this potential barrier, which the particles must overcome to avoid being trapped under the action of a magnetic field, the methodology developed by Störmer using cylindrical coordinates and Gaussian units has been used. According to these conditions, the potential well can be written as:
where is the azimuthal component of angular momentum, which has a constant value and only depends on the initial conditions of the problem, is the electron charge, C is a constant value, is the z component of the dipolar momentum and is the speed of light (table 3) . In this case, the initial conditions are the values corresponding to a charged particle which describes a confined trajectory. To characterize the potential well, and calculate the maximum and the minimum of the potential wells for the trapped particles, equation (4) has been evaluated at z=0 and calculated for a variation of V relative to ρ. The obtained equations for ρ and ρ are described in (5) and (6) .
These values have been assessed for a charged particle in the expression (4) . The behavior of the potential considering z=0 for an electron (left) and a proton (right) are plotted in Figure 2 . Table 1 shows the maximum and the minimum values of the potential wells defined in expressions (5) and (6) for an electron and a proton. It can be verified, as expected from the results of the Störmer potential, that the relationship between the maximum and the minimum of the well potential for all the studied cases reproduces ρ = 2ρ . Proton V 1 702 × 10 −5 2 0327 × 10 21
Connection between both approaches
In this section we analyze the correlation between the dimensionless equation from Störmer (3) and the expression in cylindrical coordinates and Gaussian units shown in (4) . For this purpose, both equations were assesed at z = 0. To establish this relationship we have considered ρ = ρ .
After comparing both equations under the metioned considerations, it can be concluded that, for z=0 (in both cases), the correlation between ρ and ρ coordinates is = In order to move from one potential to another by a simple relationship, we have suggested a relationship between both which is described by V = AV .
From this equation and taking into account the calculated a factor, the relationship beetween both potentials is given by the parameter A: 
From (7) it was obtained that A = 2 2 . With this simple calculation it has been possible to establish a conection between both potentials facilitating the change of coordinates between the dimensionless potential and the potential in Gaussian units.
Numerical schemes
In order to obtain and analyze the trajectories described by charged particles under the action of a magnetic field [25, 26] , this section provides a scheme in Cartesian coordinates that allows solving the equations of motion in a simplified manner.
Numerical scheme in cylindrical coordinates
Introducing dimensionless variables, the equations of motion can be written as (8), (9) . These equations have been simplified into a two dimensional system using a magnetic field with azimuthal symmetry [17] . 
where ρ = 2 + 2 . As proposed in [23] , a numerical scheme with a conserved discrete energy and a time-inversion symmetry preserving can be used to integrate these equations of motion (10), (11) . These two properties are also fulfilled by real paths. On the other hand, the original continuous problem (8), (9) implies the solution of a system of coupled non-linear equations. However, a numerical approach reduces the complexity: we have to solve a system of two non-linear equations sequentially; we first solve equation (10) and then it becomes possible to solve equation (11) . The great advantage of this numerical scheme is that it is not necessary to solve the system of equations simultaneously.
With these equations, a family of trajectories in the plane (ρ ) can be obtained. One of these paths, which corresponds to the trajectories described by a charged particle, is shown in Figure 3 . The initial conditions used for each particle in the scheme (10), (11) are shown in Table 2 , where is the discretization parameter, N is the number of points (iteration step) and (ρ 0 0 ) and ( (ρ 0 ) ( 0 )) are the initial position and velocity of the charged particle, respectively.
Numerical scheme in cartesian coordinates
In a nonrelativistic system, the motion equation of a charged particle in a generic magnetic field B is: Table 2 . Summary of the dimensionless initial conditions for the ρ − scheme (10), (11) for an electron and a proton.
Parameter Electron Proton where , and are the mass, the charge and the velocity of the particle, respectively, is the speed of the light and B is the magnetic field.
In order to analyze the behavior of a charged particle in different magnetic fields, a numerical scheme in Cartesian coordinates based on the discretization of the motion equation (12) is proposed. The analysis of the long-time behavior of the particles and the described trajectories must be made by using numerical schemes that preserve the discrete energy [24] . Using these numerical schemes, the cumulative error for long integrations is negligible. The proposed numerical scheme can be expressed as:
where = ∆ . Multiplying equation (13) in a scalar way by (v +1 − v ) we obtain the discrete kinetic energy conservation:
On the other hand, rearranging the terms of the system of equations (13), and writing in a matrix form to simplify the calculations, we obtain the following expression:
The velocity components can be obtained from this scheme and using (16) the position of the particle can be also calculated.
It is important to emphasize that scheme (13) in Cartesian coordinates, beside being conservative (it preserves kinetic energy), allows for suitable numerical simulations with any magnetic field. The magnetic field for the three sources proposed in this study, the sphere, the cylinder and a linear combination of them (showed in following sections) present a behavior similar to a dipole [27, 28] . It should be noted that the potential vector associated with each magnetic field does not satisfy the same assumptions. It is assumed that magnetic fields are related with a scalar potential, U, by B = ∇U. The scalar potential for a sphere and a cylinder is described by the following expressions respectively:
The analysis in this study has been done using three different configurations of sources of the local magnetic field: a magnetized sphere, a magnetized infinite cylinder and the linear combination of both. The expressions of the magnetic field used are given next. Sphere: The magnetic field generated by an uniformly magnetized sphere can be described as
where C is a constant equal to 10
in the international system units (SI), m is the dipolar momentum and r is the position vector [28, 29] . Horizontal cylinder: the equation of the magnetic field B due to a uniformly magnetized cylinder of infinite length is:
in SI [27] [28] [29] . Linear combination of a Sphere and a Cylinder: it is assumed that the magnetic field can be generated by a linear combination of the expressions provided above multiplied by a constant factor, (α and β), which indicates the contribution of each magnetic field. (21) It should be noted that the magnetic field generated by the cylinder depends on the inverse square of distance while the sphere decreases by the cube of the distance.
Numerical results
The aim of this study is to analyze the exact solution of (12) and compare it with the numerical one. To obtain the analytical solution of motion equation (12) , the system of equations has been solved using a wave-like solution. To solve the system, it has been considered a time independent and uniform magnetic field in the z direction B = (0 0 B). The equations for the three components of the particle velocity can be obtained by integrating (12) . Using the same methodology, the particle position with respect to time has been obtained by integrating the rate equations. Figure 4 shows the expected behavior of the trajectories of an electron in a constant magnetic field, B. The picture on the left shows the numerical and analytical trajectories. The picture on the right shows the difference between both trajectories with the largest difference being 2.5%. These results verify the viability of using the proposed scheme. Proton charge (esu) 4 8 × 10 −10
Alpha particle charge (esu) 9 6 × 10 −10
Electron mass (g) 9 1 × 10 −28
Proton mass (g) 1 7 × 10 −24
Alpha particle mass (g) 6 7 × 10 −24
Speed of light (
Dipolar momentum ( /G) 2 6 × 10 19
Preliminary parameters assessment
An assessment of the parameters of the numerical scheme is required in order to determine and verify the trajectory described by different particles when they are moving in each of the magnetic fields proposed in section 2.2. It has been assumed that the particles are moving in the vacuum and there is no influence from other external forces (like electric fields, atmospheric wind or the interaction with the solar wind). According to previous studies [2, 23] , the constants of the numerical scheme used hereafter are summarized in the Table 3 . Figure 5 but for a proton and an alpha particle, respectively. For both cases, the range of the initial velocity has been taken between 10 4 -10 6 cm/s and the number of steps ranged between 300 to 1000. The values of the initial positions and the discretization parameter for all the cases studied are shown in Table 4 .
As expected from the theoretical analysis, values of the parameter of discretization are lower for untrapped particles. The stability of the scheme was confirmed by the conservation of the kinetic energy (for long time simulations and all speed values used, energy values remained unchanged). Table 5 shows the kinetic energy obtained for the electron, proton and alpha particle under the effect of a magnetic field generated by a magnetized sphere. 
Real initial conditions
In previous section, the different trajectories of an electron, a proton and an alpha particle under different magnetic sources have been described and analyzed. These results have shown confined orbits for all cases and particles studied. To validate the proposed numerical scheme, more realistic initial velocities were used. For that purpose, velocities close to 10 2 km/s, 10 7 cm/s in Gaussian units, similar to those associated with the solar winds were considered. In this section only the magnetic field generated by a magnetized sphere has been assessed. Figure 8 shows the trapped trajectories of an electron under the conditions described above. As in section 3. nT, similar to those found on the surface of Mars.
Gravity effect
Finally, to complete the model we include, in the numerical scheme, the additional forces due to gravity. According to the low values of the magnetic field of Mars. This implies that particles affected by this field are close to the surface. Gravity is the main force that can be considered to modify the trajectories of the particles. Now the motion equation (12) becomes
where
is the gravity value along the zaxis, G is universal gravitational constant, M = 6 418 × 10 23 kg is the mass of Mars and r = R + h , where h is Figure 8. Representation of the trapped orbit described by an electron when it moves at velocities of hundreds km/s using the numerical scheme proposed in Cartesian coordinates. the height of the particle and R = 3397 2 km is the radius of Mars. Table 6 shows the initial conditions selected for each of the cases plotted in Figure 9 . This figure depicts the trapped trajectories for an electron moving in a magnetic field generated by a magnetized sphere (blue) and considering the gravitational effect (red). The bottom pictures show the differences between the trajectories of the models considered. Preliminary results show a correlation between the initial velocity configured and the differences of the trajectories due to the gravitational effect described by the particle. This correlation shows that ∆E , the difference between magnetic field and gravitational magnetic field trajectories, presents greatest values as the initial velocity increases. It is noted that configuration 1 and configuration 3 have the lowest and the greatest initial velocities values respectively (see Table 6 ).
It should be noted that N and h are configuration parameters of the representation of the schemes and do not have any impact on the chosen values.
Conclusions
The study of the behavior of a charged particles can be done in different ways. Based on the results discussed by other authors [29] , the present paper proposes a scheme, in Cartesian coordinates, that can reproduce these results in a much more simplified way. In fact, it has been demonstrated that, in the case of a dipolar magnetic field, the cartesian scheme reproduces Störmer's results. It has also been tested to show that instead of using a scheme of second order partial derivatives [29] , a more simplified scheme in first-order derivatives can be used to solve the motion equations. Therefore, all computational loads and approaches of the schemes can be strongly simplified. This scheme has been obtained by using a matrix formulation. Another important improvement of this scheme is that it makes possible to use magnetic field expressions without restrictions.
Comparing our Cartesian approach to Störmer theory [21] , it has been possible to reproduce the potential wells where we obtain the energy values for bounded particles. Figure 9 . Top, trajectories for an electron for different initial configurations. In blue the trajectories without considering the effect of the gravity field and in red including the effect of this field. Bottom, differences between both trajectories, ∆E .
Working always in Gaussian units, it has been possible to check that for potential values, V, higher than 3 796×10 24 , an electron can escape from the potential well, and for lower values it gets trapped. Protons and alpha particles have a similar behavior but in this case the threshold is 10 21 (in Gaussian units).
From these calculations, it is possible to obtain the trajectories for different particles under the effect of different magnetic field sources. Depending on the initial conditions, the above results show that an electrically charged particle (electron, proton and alpha particle) can describe trapped or untrapped trajectories. Also, it has been confirmed that the kinetic energy remains constant in all computed intervals, which indicates the stability of the proposed scheme. This value is directly proportional to the mass of the particle we are working with. Taking this into account, the numerical values obtained for the proton and alpha particles kinetic energy is three orders of magnitude higher than electron's energy. These energy values have been obtained for the initial conditions corresponding to confined particle trajectories.
The addition of a constant gravity field, considering its value as 1/3 of the value of gravity on Earth, has an impact on the trajectories of the particles in a magnetic field. This impact is shown in the values observed in Figure 9 on the bottom, where we have represented the difference between trajectories described with and without the action of the gravitational field. Tests carried out with protons show smaller deviations than in the case of electrons. This is directly related to the difference in mass between the two particles.
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